60                       THE BOSTON COLLOQUIUM.
the theorems of paragraph 5 hold universally and in which all geodesic lines are infinite in length. If parallel geodesic lines are defined as for k = 0, then through a given point there go two and only two geodesic lines parallel to a given geodesic line not passing through the given point. All other geodesic lines through the point and lying on the geodesic surface determined by the given point and the given geodesic line are separated by the parallel lines into two classes, consisting respectively of the lines which do, and of the lines which do not, intersect the given geodesic line. The geometry is the LobaehevsJdan Geometry.
Spaces of Constant Positive Curvature.
If k is real, two cases present themselves. In the first case, the relation between the points of 8 and those of 2 is two-to-one. Then to each point of S corresponds only one set of coordinates and conversely. In particular, the coordinates x. and — x{ belong to different points of space. The theorems of paragraph 5 hold only in a restricted portion of space in which the greatest geodesic distance is TT/&. All geodesic lines are closed and of length equal to 27r/fe. Two intersecting geodesic lines intersect again at a dis-tance ir/k on each of them from the first point of intersection. There are no parallel lines in the sense of the definition given for k = 0. In fact any two geodesic lines on the same geodesic surface intersect. All geodesic lines perpendicular to the same geodesic surface intersect in two points which are distant 7r/2/c from the surface. The geometry is that called by Klein the Spherical Geometry.
In the second case, the relation between the points of $and those of 2 is one-to-one, in the sense that to each point of S belongs the two sets of coordinates xi and — x.. The theorems of paragraph 5 hold for a portion of space in which the greatest geodesic distance is 7r/k. All geodesic lines are closed and of a length jr/k and any two intersecting geodesic lines return to- the point of intersection without previously meeting. All geodesic lines perpendicular to the same geodesic surface meet in a point at a distance 7T/2& from the surface. The geometry is called by Klein the Elliptic Geometry.lacement of SQ imparts a unique displacement to each
